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Abstract. In this paper, we have discussed several properties of intuitionistic 
fuzzy T-ideals of a I 1 - AG-groupoid which is the generalization of ideals in AG- 
groupoid We have characterized an intra-regular T-AG**-groupoid in terms of in- 
tuitionistic fuzzy T-left (right, two-sided) ideals, intuitionistic fuzzy (r-generalized 
bi) T-bi-ideals, intuitionistic fuzzy T-interior ideals and intuitionistic fuzzy T-quasi 
ideals. We have proved that the intuitionistic fuzzy T-left (right, interior, quasi) 
ideals coincide in an intra-regular r-AG**-groupoid. We have also shown that the 
set of intuitionistic fuzzy T-two-sided ideals of an intra-regular r-AG**-groupoid 
forms a semilattice structure. 
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1. Introduction 

The concept of an Abel-Grassmann's groupoid (AG-groupoid) 0] was first given 
by M. A. Kazim and M. Naseeruddin in 1972 and they called it left almost semigroup 
(LA-semigroup) . P. Holgate call it simple invertive groupoid [3]. An AG-groupoid 
S is a groupoid having the left invertive law (ab)c = (cb)a for all a, 6, c 6 S. An AG- 
groupoid is a non-associative algebraic structure mid way between a groupoid and 
a commutative semigroup. The left identity in an AG-groupoid if exists is unique 
[5]. An AG-groupoid is non-associative and non-commutative algebraic structure, 
nevertheless, it posses many interesting properties which we usually find in asso- 
ciative and commutative algebraic structures. An AG-groupoid with right identity 
becomes a commutative monoid [8] . An AG-groupoid is basically the generalization 
of semigroup (see [4]) with wide range of applications in theory of flocks [9]. 

Given a set S, a fuzzy subset of S is an arbitrary mapping /:S->[0,1] where 
[0, 1] is the unit segment of a real line. This fundamental concept of fuzzy set 
was first given by Zadeh [12] in 1965. Fuzzy groups have been first considered by 
Rosenfeld [10] and fuzzy semigroups by Kuroki [6]. 

Atanassov pQ, introduced the concept of an intuitionistic fuzzy set. Dengfeng and 
Chunfian [5] introduced the concept of the degree of similarity between intuitionistic 
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fuzzy sets, which may be finite or continuous, and gave corresponding proofs of these 
similarity measure and discussed applications of the similarity measures between 
intuitionistic fuzzy sets to pattern recognition problems. M. K. Sen introduced 
the concept of T-semigroups in 1981. The non-associative T-AG-groupoid is the 
generalization of an associative T-semigroup. In this paper, we generalize several 
results in terms of intuitionistic fuzzy T-ideals. 

Let S and T be any nonempty sets. If there exists a mapping SxTxS^S 
written as (x, a, y) by xay, then S is called a T-AG-groupoid if xay G 5* such that 
the following T-left invertive law holds for all x,y, z G S and a, f3 G V 

(1) (xay)j3z — (zay)/3x. 

A T-AG-groupoid also satisfies the T-medial law for all w,x,y,z G S and a, (5, 7 G 

r 

(2) (wax)j3(y^z) = (way)/3(xjz). 

Note that if a L-AG-groupoid contains a left identity, then it becomes an AG- 
groupoid with left identity. 

A T-AG-groupoid is called a T-AG**-groupoid if it satisfies the following law for 

all x, y, z G S and a, (3 G T 

(3) xa(yf3z) — ya(x(3z). 

A T-AG**-groupoid also satisfies the T-paramedial law for all w,x 7 y, z £ S and 

(4) (wax)/3(yyz) = (zay)(3(xjw). 

2. Preliminaries 

Let S be a T-AG-groupoid, a non-empty subset A of S is called a T-AG- 
subgroupoid if ajb G A for all o, b G A and 7 G T or if ATA C A. 

A subset A of a T-AG-groupoid 5" is called a L-left (right) ideal of S if ST A C A 
(ATS C A) and A is called a T-two-sided-ideal of S if it is both a T-left ideal and 
a T-right ideal. 

A subset A of a T-AG-groupoid S is called a T-generalized bi-ideal of S if 
(ATS) TA C A. 

A sub T-AG-groupoid ^4 of a T-AG-groupoid S is called a T-bi-ideal of S if 
(jUTS) I\4 C A. 

A subset ^4 of a T-AG-groupoid 5" is called a T-interior ideal of 5" if (ST A) TS C A. 
A subset A of a T-AG-groupoid 5 is called a T-quasi-ideal of S if STMn ATS 1 C A. 

A fuzzy subset / is a class of objects with a grades of membership having the 
form 

/ = {(x, f{x)) fx G S}. 

An intuitionistic fuzzy set (briefly, IFS) A in a non empty set S is an object 
having the form 

A = {{x^ A {x),l A (x))/x G 5"}. 
The functions /i A : S — > [0, 1] and 7^ : S — > [0, 1] denote the degree of 
membership and the degree of nonmembership respectively such that for all ieS, 
we have < ^a( x ) + 7a( x ) — 1- 
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For the sake of simplicity, we shall use the symbol A = (fJ- A ,"f A ) f° r an IFS 
A = Ma fa)) 1a{x))/x £ S} . 

Let S = {(x,S s (x),Q s (x))/S s {x) = 1 and Q 5 (x) = 0/x e5} = {S S ,Q 5 ) be an 
IFS, then S — (S$, @$) will be carried out in operations with an IFS A = (Ma> 7a) 
such that Ss and Q$ will be used in collaboration with /i A and j A respectively. 

An IFS A = {p. at 1a) °f a T-AG-groupoid S is called an intuitionistic fuzzy 
T-AG-subgroupoid of S if fj, A (xay) > fi A (x) A /j, A (y) and 7 A (a;ay) < 7,4(2;) ^Ja(v) 
for all x, y £ S* and aeT. 

An 7F5 A = (n A ,j A ) °f a T-AG-groupoid 5 is called an intuitionistic fuzzy 
T-left ideal of S if [i A {xay) > n A {y) and j A (xay) < j A (y) for all x, y £ S and 

«er. 

An IFS A = (p A ,j A ) of a T-AG-groupoid S is called an intuitionistic fuzzy 
T-right ideal of S if n A (xay) > fi A (x) and j A (xay) < j A (x) for all x,y £ S and 

«er. 

An IFS A = (mai7a) °f a L-AG-groupoid 5 is called an intuitionistic fuzzy 
F-two-sided ideal of S if it is both an intuitionistic fuzzy T-left and an intuitionistic 
fuzzy T-right ideal of S. 

An IFS A = (mai7a) °f a T-AG-groupoid S is called an intuitionistic fuzzy 
T-generalized bi-ideal of S if fi A ((xf3a)jy) > H A (x) A n A {y) and -f A ((x(3a)jy) < 
y A (x) V j A (y) for all x, a and y £ S and /3, 7 € T. 

An intuitionistic fuzzy T-AG-subgroupoid A = (mai7a) 01 a T-AG-groupoid 5 
is called an intuitionistic fuzzy T-bi-ideal of S if fi A ((x/3a)jy) > H A {x) A/j, A (y) and 
7^((^/9a)7y) < 7,4(2;) V J A (y) for all x, a and y £ S and /3, 7 G T. 

An IFS A = (fJ- A ,"/ A ) of a T-AG-groupoid 5 is called an intuitionistic fuzzy 
T-interior ideal of S if fi A ((x/3a)jy) > ^ A {a) and j A ((x(3a)-fy) < -) A {a) for all x, a 
and y £ S and /?, 7 G T. 

An IFS* A = (mai7a) °f a T-AG-groupoid 5 is called an intuitionistic fuzzy 
T-quasi ideal of S if (fi A o r S) R (5 o r ^t A ) C and (7^ o r S) U (5 o r j A ) D j A , 
that is, (A o r <5) n (S o r A) C A. 

Let S be a F-AG-groupoid and let Aj = {A/ A £ S}, where A = (/j, A , j A ) be any 
IFS of S, then (A,, o r ) satisfies (1), (2), (3) and (4). 

An element a of a F-AG-groupoid S is called an intra-regular if there exist 
x,y £ S and a./3, 7 G T such that a = {xa(afia))"fy and S is called an intra-regular 
if every element of S is an intra-regular. 

Example 1. Let S = {1,2,3,4,5,6,7,8,9}. The following multiplication table 
shows that S is an AG-groupoid and also an AG-band. 



Clearly S is non-commutative and non-associative because 2.3 ^ 3.2 and (4. 2). 3 7^ 
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Let r = {a,/3} and define a mapping SxTxS^Sby aab = (ab) 2 and 
afib = a 3 b 2 for all a, b G S. Then it is easy to see that S is a F- AG-groupoid and 
also a T- AG-band. Note that S is non-commutative and non-associative because 
9al ^ la9 and (6a7)/38 ^ 6a(7/38). 

3. Characterizations of an intra-regular r-AG**-GROUPoros in terms 
of intuitionistic fuzzy T-ideals 

Example 2. Let S = {1,2,3,4,5} be an AG-groupoid with the following multipli- 
cation table. 
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Let T = {a} and define a mapping SxTxS^S by xay = xy for all x,y G 5, 
then clearly 5 is a T- AG-groupoid. 

It is easy to see that S is an intra-regular. Define an IFS A = (mai 7a) °f & as 
follows: p A (l) = 1, p A (2) = ma (3) - Ma (4) - Ma (5) = 0, 1a {1) = 0.3, 7a (2) = 0.4 
and 7^(3) = 7yi(4) = 7^(5) = 0.2, then clearly ^4 = (^,7^4) is an intuitionistic 
fuzzy T-two-sided ideal and also an intuitionistic fuzzy T-AG-subgroupoid of S. 

It is easy to observe that in an intra-regular T-AG-groupoid S, the following 
holds 

(5) S = STS. 

For an IFS A — (ma> 7a) 01 an AG-groupoid S and a G (0, 1], the set 
A a — {x G S : ^a( x ) ^ a i 1a{ x ) ^ a } 
is called an intuitionistic T-level cut of A. 

Theorem 1. For a T -AG-groupoid S, the following statements are true. 

(i) A a is a T-right (left, two-sided) ideal of S if A is an intuitionistic fuzzy T-right 
(left) ideal of S. 

(ii) A a is a T-bi- (generalized bi-) ideal of S if A is an intuitionistic fuzzy T-bi- 
(generalized bi-) ideal of S. 

Proof, (i): Let S be a T- AG-groupoid and let A be an intuitionistic fuzzy T-right 
ideal of S. If x, y G S such that x G A a , then Ha(x) > a and Ja( x ) ^ a i therefore 
jj, A (x/3y) > Ha{x) > a and j A (x/3y) < 7^4(21) < a, for all j3 G T. Thus G A Q , 
which shows that A a is a T-right ideal of S. Let y E A a , then fi A {y) > a and 
7a (2/) < Q!. If j4 is an intuitionistic fuzzy T-lcft ideal of S, then fj, A (xf3y) > Ma(?/) ^ 
a and 7 A (x/3y) < 7,4(2/) < a implies that x/3y G A a ,for all /3 G T. Which shows 
that A a is a T-left ideal of S. 

(ii): Let 5 be a F- AG-groupoid and let A be an intuitionistic fuzzy F-bi- 
(generalized bi-) ideal of S. If x,y and z G S such that a; and z G ^4 Q , then 
Ha( x ) ^ a 7 7a ( x ) — a i Ma( z ) ^ a an d 7a( z ) — a - Therefore, for all (3,5 G T, 
^((a;/??/)^) > MaC^) A Ma( z ) ^ a 7 an d 7a(( x /^) < 5 z ) ^ 7a l 3 -) V 1a{ z ) ^ a implies 
that (xf3y)5z G A a , which shows that A a is a generalized T-bi-ideal of S. Now let 
then M^(a;) > a, 7,4(2;) < a, Ma(2/) > a and 7a (u) < <*■ Therefore for all 
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f3 € T, H A (xPy) > n A {x) A > a and 7 A (x/%) < 7 A (x) V 7 A (y) < a, implies 

that xf5y £ Aq,. Thus A a is a F-bi-ideal of S. □ 



Conversely, let us define an IFS A — (^ A ,^f A ) °f an AG-groupoid S in Example 
Has follows: ^(1) = 0.4, Ma (2) = 0.8, /i A (3) = /x A (4) = /x A (5) = 0, 7a (1) = 0.4, 
7 A (2) = 0.3, 7 A (3) = 7 A (4) = 0.9 and 7a (5) = f. Let a = 0.4, then it is easy 
to see that A a — {a, b} and one can easily verify from Example [2] that {a, 6} is a 
right (left, bi-, generalized bi-) ideal of S but // A (2al) ^ M A (2) (/x A (la2) ^ /i A (2), 
M A ((2al)a2) £ /i A (2)) and 1a {2oA) £ lA {2) [ lA {la2) £ 7a (2), 7;4 ((2al)a2) £ 
7 A (2)) implies that A is not an intuitionistic fuzzy T-right (left, bi-, generalized 
bi-) ideal of S. 

Let A — (/i A , 7a) an d B = (m_b,7b) be any two IFSs of a T-AG-groupoid S, 
then the product A o r B is defined by, 

{V {/-*a(&) ^ A*b( c )} , if a = bf3c for some b, c £ S and /3 6 L. 
a=b/3c 
0, otherwise. 



{A {^( fo ) v 7b( c )} , if « = fy3c for some b, c £ S and /3 6 L. 
a=6/3c 
1, otherwise. 

A <Z B means that 

Ma(x) < ^b( x ) an( i 7a — 7b ( x ) f° r & ii 2- i n 
By keeping the generalization, the proof of the following is same as in [7] and 

Lemma 1. Let S be a T '-AG-groupoid, then the following holds. 

(i) An IFS A = (p A , 7a) is an intuitionistic fuzzy T-AG-subgroupoid of S if 
and only if /i A o r /i A C /i A and 7a o r 7a D 7a . 

(ii) An IFS A — (/i A ,7 A ) is intuitionistic fuzzy T-left (right) ideal of S if and 
only if S o r ^ A C and 8 o r 7a D 7^ (^i A o r S C /i^ and 7 A o r D 7^). 

Theorem 2. Let A = (p A , 7a) ^ e arl -f-FS' 0/ an intra-regular T -AG** -groupoid S, 
then the following conditions are equivalent. 

(i) A = (a*A'7a) i s an intuitionistic fuzzy T-bi-ideal of S. 

(ii) (A o r S) o r A = A and A o r A = A, where <5 = (S s , &s). 

Proof, (i) (ii) : Let A = (/i A , 7a) b e an intuitionistic fuzzy F-bi-ideal of an 
intra-regular r-AG**-groupoid S. Let a £ A, then there exists x, y £ S and 
a,/3,<5 <E T such that a = (xa(a(3a))5y. Now let (ef, then by using (3), (1), (5), 
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(4) and (2), we have 

a = (xa(a(3a))5y = (aa(x/3a))Sy — (ya(x/3a))Sa = (ya(x(3((xa(a/3a))5y)))5a 

= ((u^v)a(xf3((aa(x/3a))Sy)))Sa = ((((aa(x/3a))5y)£ t x)a(v6u))6a 

= {{{x5y)^{aa{xpa)))a{v5u))5a = ((a£ t ((x5y)a(x/3a)))a(vSu))da 

= ((a^((xSx)a(y/3a)))a(vSu))Sa = (((v5u)£((x5x)a(ypa)))aa)6a 

= (((vSu)£((x5x)a(y(3((xa(af3a))5y)))))aa)5a 

= (((v5u){;((x5x)a(y(3((xa(a(3a))5(ut;v)))))aa)5a 

= (((v8u)£((x8x)a(y(3((vau)5((af3a)£x)))))aa)5a 

= (((v8u)t;((xdx)a(yf3((a(3a)5((vau)!;x)))))aa)5a 

= (((v8u)^((x8x)a((a/3a)/3(y5((vau)^x)))))aa)Sa 

= (((v5u)£((aPa)a((x5x)P(y5((vau)£x)))))aa)5a 

= (((af3a)£((vSu)a((x5x)f3(y5((vau)£x)))))aa)5a 

= (((((x5x)P(y5((vau)£x)))P(v5u))£(aaa))aa)5a 

= ((a£((((x5x)f3(y5((vau)t;x)))f3(v5u))aa))aa)5a = (paa)5a 

where p = at;((((x5x)(3(y5((vau)t;x)))(3(v5u))aa). Therefore 
((p A o r S s )o r fi A )(a) = \/ {(fi A o r S s )(paa)A/j, A (a)} 

a—(paa)Sa 

> V {^a(p) °r Ss(a)} A n A (a) 

paa—paa 

> {^ A {a(,{{{x 2 p{y5{{vau)ix)))fi{v5u))aa)) A S 5 (a)} A fi A (a) 

> fi A (a) Al A fi A (a) = fi A (a) 

and 

((7a °r &s) °r 7a) (a) = f\ {(7a °r Qs){paa) V j A {a)} 

a—(paa)Sa 

< A {7A(p)°re 5 (a)}V 7A (a) 

paa—paa 

< {l A (am^KyS((vau^x)))P(vSu))a)) V 9 5 (a)} V j A (a) 

< 7»VlV7 A (a)=7 i (fl). 

This shows that (fi A o r S$) °r A*a =5 Ma an d (7a °r ©a) °r 7a ^= 7aj which implies 
that (A o r 5) o r AD A. Now by using (4), (1) and (3), we have 

a = (xa(a/3a))5y = (aa(xj3a))8y — (ya(x/3a))5a = (ya(x/3((xa(a/3a))Sy))Sa 

= (ya(x/3((xa(al3a))S(u£,v))))5a = (ya(x/3((vau)S((a/3a)£,x))))Sa 

= (ya(x/3((al3a)5((vau)t;x))))6a — (ya{{aj3a)j3(x8((vau)£ l x))))8a 

= ((a/3a)a(y/3(xS((vau)£,x))))Sa = (((x5((vau)£,x))l3y)a(a/3a))Sa 

= (aa(((x5((vau)£ i x))(3y)(3a))Sa = (aap)Sa 
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where p — ((x5((vau)£x))/3y)/3a. Therefore 
(0«4 °r S s ) o r Va){°) = V {&A °r S s )(aap) A n A (a)} 

a—(aa.p)Sa 

V ( V Mo)A5i(p)J A/x A (a) 

a=(aap)5a \aap=aap / 

V W(°) A 1 A /i A (a)} = Y /i A (a) A/x A (a) 

a— (aap)<5a a— (ap)a 

< V ) "A((( aa ((^((' y a'")C a; ))/ 3 y)/ 3a )) (5a ) = MaC )- 

a— (aap)6a 

This shows that (/i^ o r Ss) °r (J-a £ A* A an d similarly we can show that (7^ o r 
©«) °r 1a 2 7a: which implies that (A o r i)o r iC A. Thus (A o r (5) o r A = A. We 
have shown that a = ((a£((((x5x)f3(y5((vau)£x)))0(v5u))aa))aa)5a. Let a = p<5a 
where p = (a^((((x5x)/3(yS((vau)^x)))f3(vSu))aa))aa. Therefore 

(^A°r^A)( a ) = V {f i A( a £(((( xSx )P(y s (( vau )£ x )))P( vSu )) aa )) aa A ^A( a )} 

a—p5a 

> n A (a) An A (a) A^ A (a) = n A (a). 

This shows that fj, A o r fj, A 3 /z^ and similarly we can show that 7^4 o r 7^4 C 7^. 
Now by using Lemma [TJ we get A o r A = A. 

(ii) => (i) : Let A = (haiJa) be an IFS of an intra-regular L-AG**-groupoid 
S, then let (3, S £ L, we have 

H A ((x0a)6y) = {{ji A o r 5*) o r (j. A )((x/3a)6y) = \/ {(ma °r Sg)(x/3a) A /^(y)} 

(x/3a)5y— (xfia)8y 

> \/ A ^(a)} A /x A (y) > /x A (x) A 1 A^ A (y) = n A (x) A /J, A (z). 

x(5a—x0a 

This shows that /j, A ((x(3a)5y) > fi A (x) A H A (z) and similarly we can show that 
7 A ((a;/3a)fo/) < 7^4(2;) V 7^(2). Also by Lemma [TJ A is an intuitionistic fuzzy 
L-AG**-groupoid of 5* and therefore A is an intuitionistic L-fuzzy bi-ideal of S. □ 

Theorem 3. Let A = (p-aiIa) be an IFS of an intra-regular T-AG** -groupoid S, 
then the following conditions are equivalent. 

(i) A = ((J-atJa) is an intuitionistic fuzzy L-interior ideal of S. 

(ii) (6 o r A) o r S = A, where 5 = (S s ,Qs). 

Proof, (i) ==>• (ii) : Let A = (fi A ,'Y A ) be an intuitionistic fuzzy L-interior ideal 
of an intra-regular L-AG**-groupoid . Let a £ A, then there exists x, y £ S and 
a, (3,5 £ L, such that a = (xa(a(3a))5y. Now let £ £ L, then by using (3), (5), (4) 
and (1), we have 



a = (xa(af3a))Sy = (a/3(x/3a))Sy = ((u£v)/3(x/3a))5y 
= ((a^x)l3(vl3u))Sy = (((vpu)£x)/3a)5y. 
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Therefore 

((Ss or [i A ) or Ss)(a) = \f {(S s o r ii A )(((vpu)^x)[3a) A S s (y)} 

a=(((v0u)Zx)Pa)6y 

> V {(Sj((^l)A^(a)}Al 

((v/3u)£x)/3a=((vl3u)Zx)l3a, 

> lAii A (a)Al=fi A (a). 

This proves that (Ss o r fj, A ) o r Ss 2 Ma an( i similarly we can show that (0,5 o r 
7a) °r 0(5 Q 7a i therefore (5 o r A) o r D A. Now again 

((Ss o r fi A ) o r S s )(a) = \f {(S s o r fj, A )(xa(a(3a)) A S s (y)} 

a—(xa(af3a))Sy 

V ( V Ss(x)An A (apa) J A S s (y) 

a=(xa(afia))Sy \xa(a0a)—xa(a(3a) J 

V {lAfi A (af3a)Al}= \f ^ A (a(3a) 

a=(xa(afia))5y a—(xa(a/3a))8y 

< V li A ((xa(aPa))5y) = fi A (a). 

a—(xa(afia))8y 

Thus (Ssor [i A )o r Ss C /j^ and similarly we can show that (05o r 7 yl )o r ( 5 D 7^, 
therefore (5 o r i) o r i C A. Hence it follows that (S o r A) o r 5 = A. 

(ii) ==> (i) : Let A = (ma;7a) be an IFS of an intra-regular r-AG**-groupoid 
S, and let fi,6 then 

H A (( x pa)8y) = ((S 4 o r M J o r S 5 )((x/3a)Sy) = \J {(S 5 o r fi A )(xf3a) A S s (y)} 

(xpa)5y=(x{3a)5y 

> V {(Ss(x) o r fi A (a)} A S s (y)>^ A (a). 

xf3a—xpa 

Similarly we can show that j A ((xf3a)Sy) < j A (a) and therefore A = (Ma>7a) is 
an intuitionistic fuzzy T-interior ideal of S. □ 

Lemma 2. Let A = (mai7a) be an IFS of an intra-regular T -AG** -groupoid, then 
A = (mai7a) * s an intuitionistic fuzzy T-left ideal of S if and only if A = 0-^,7^) 
is an intuitionistic fuzzy T-right ideal of S. 

Proof. Let S be an intra-regular T-AG**-groupoid and let A — (mai7a) be an 
intuitionistic fuzzy T-left ideal of S. Now for a,b s S there exists x,y,x ,y 6 S 
and a, (3, S G T such that a = (xa(a(3a))5y and & = (x 6 2 )y . Now let £ T, then 
by using (1), (4), (5) and (3), we have 

= li>A((( x i3a)5a)£(yab)) = n A (((xj3a)5(uipv))£(yab)) 

= li-A(((vi3u)S(ail)x))t(yab)) = fJ-A((a5((vl3u)tpx))^(yab)) 

= t t -A(((y ab ) s (( v P u )' l P x ))^ a ) > Ma(°)- 

Similarly we can get 7^4 (a£&) < j A (a), which implies that A — (p A ,~f A ) is an 
intuitionistic fuzzy T-right ideal of S. 
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Conversely let A = {pa-iIa) be an intuitionistic fuzzy T-right ideal of S. Now 
by using (3) and (4), we have 

H A {ab) = n A {a{{xb 2 )y) = fi A ((x ' b 2 ){ay ')) = jj, A ((y a){b 2 x )) 

= VA(b 2 {{y'a)x)) > fj, A (b). 

Also we can get 7^4(0^) < J A (b), which implies that A = (mai7a) is an intu- 
itionistic fuzzy T-left ideal of S. □ 

A T-AG-groupoid S is called a T-left (right) duo if every T-left (right) ideal of S 
is a T-two-sided ideal of S and is called a T-duo if it is both a T-left and a T-right 
duo. 

A T-AG-groupoid S is called an intuitionistic fuzzy T-left (right) duo if every 
intuitionistic fuzzy T-left (right) ideal of S is an intuitionistic fuzzy T-two-sided 
ideal of S and is called an intuitionistic fuzzy T-duo if it is both an intuitionistic 
fuzzy T-lcft and an intuitionistic fuzzy T-right duo. 

Corollary 1. Every intra-regular T-AG** -groupoid S is an intuitionistic fuzzy T- 
duo. 

Lemma 3. In an intra-regular T-AG-groupoid S, S o r A = A and Ao r 6 = A holds 
for an IFS A = (fx A , -f A ) of S where S = (Ss, @s)- 

Proof. Let A = (n A ,j A ) be an IFS of an intra-regular T-AG-groupoid S and let 
a e 5, then there exist x,y s S and a, (3,5 e T such that a = (xa(a(3a))jy . Now 
by using (3) and (1), we have 

a = (xa(a(3a))Sy = (aa(x(3a))Sy = (ya(x(3a))5a. 

Therefore 

(Sjo r /i A )(a) = \/ {S s (ya(xf3a)) A fi A (a)} = \f {1 A fi A (a)} 

a=(ya:(xfia))5a a—(ya(xj3a))8a 

V ^A{ a ) = ^Ai a )- 

a=(ya(x{3a))5a 

Similarly we can show that &s °r 7 a = 7a > which shows that 5 o r A = A. 
Now let £ 6 T, then by using (5), (4) and (3), we have 

a = (xa(a(3a))Sy = (xa(aBa))S(u^v) = (vau)5((af3a)£x) 
= (af3a)S((vau)^x) = (xf3(vau))5(at;a) = aS((x3(vau))^a) . 

Therefore 

(fi A o r S s )(a) = \/ {» A (a) A S s ((x8(vau))ta)} = \f {Ma(°0 A 1} 

a— a8((xfi(va:u))f;a) a=a5((x{3(vctu))£a) 

V V A ( a ) = M°0- 

a— a5((xfi(vau))£a) 

Similarly we can show that "/ A o r Og = j A which shows that A o r 5 = A. □ 

Corollary 2. In an intra-regular T-AG-groupoid S, 6 o r A = A and A o r 5 = A 
holds for every intuitionistic fuzzy T -left (right, two-sided) A — (mai7a) °fS> where 
5 = (S 5 ,Q 5 ). 

Lemma 4. In an intra-regular T-AG-groupoid S, 5 o r 6 = 8, where S = (5,5, 6,5). 
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Proof. Let S be an intra-regular L-AG-groupoid, then 

(S s o r S s )(a)= \f {Ss(xa(af3a)) A Ss(y)} = 1 = Ss(a) 

a—(xa(a^a))Sy 

and 

(6 5 o r e 5 )(a)= /\ {e s (xa(a(3a)) V Q s (y)} = = 6 5 (a). 

a— (xa(a/3a))(5y 

□ 

Theorem 4. Let A = (/i^, 7^4) oe an /LiS* 0/ an intra-regular T -AG** -groupoid S, 
then the following conditions are equivalent. 

(i) A = {[J-atJa) i s an intuitionistic fuzzy L-quasi ideal of S. 

(ii) (A o r 5) n (S o r A) = A, where 5 = (Ss, <ds). 

Proof, (i) =>■ (m) can be followed from Lemma [3] and (ii) =>■ (i) is obvious. □ 

Theorem 5. Let A = (PaiIa) an IFS of an intra-regular T- AG** -groupoid S, 
then the following statements are equivalent. 

(i) A is an intuitionistic fuzzy L-two-sided ideal of S. 

(ii) A is an intuitionistic fuzzy L-quasi ideal of S. 

Proof, (i) =>■ (ii) is an easy consequence of Corollary [5] and Theorem 21 

(ii) (i) : Let A = (fJ-Ai 7^) be an intuitionistic fuzzy L-quasi ideal of an intra- 
regular L-AG**-groupoid S and let a £ S, then there exist x,y € S and a, (3, 5 £ T 
such that a = (xa(aj3a))8y. Now let £,ip £ L, then by using (3), (5) and (4), we 
have 

a = (xa(a/3a))Sy = (aa(x/3a))S(u^v) — (vau)d((xf3a)£a) 
— (vau)S((xf3a)^(mipn)) — (vau)S((n/3m)^(aipx)) 
= (vau)6(a£((nf3m)ipx)) = a5((vau)£,((n/3m)ipx)). 

Therefore 

(n A o T S s )(a) = \f W( a ) A S s ((vau)£((nj3m)ipx))} 

a—aS((vau)^((nl3m)ipx)) 

> n A (a) A 1 = n A (a). 

Similarly we can show that 7^4 o r Os Q 1a which implies that A o r 8 3 A. Now by 
using Lemmas [3l SI and (2), we have 

A o r (5 = (S o r A) o r (S o r 5) = (5 o r (5) o r (A o r 5) — 5 o r (A 5) D 5 o r A. 

This shows that So-pA C (Ao r (5)n(5o r A). As A is an intuitionistic fuzzy L-quasi 
ideal of S, thus we get S o r A C A. Now by using Lemma [1] A is an intuitionistic 
fuzzy T-left ideal of S and by Lemma [21 A is an intuitionistic fuzzy L-right ideal of 
S, that is, A is an intuitionistic fuzzy L-two-sided ideal of S. □ 

Theorem 6. Let A = (p A ,l A ) be an IFS of an intra-regular L -AG** -groupoid S, 
then the following statements are equivalent. 

(i) A is an intuitionistic fuzzy L-two-sided ideal of S. 

(ii) A is an intuitionistic fuzzy L-interior ideal of S. 
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Proof, (i) =>■ (ii) is obvious. 

(ii) (i) : Let A = ((J-atIa) be an intuitionistic fuzzy L-intcrior ideal of an 
intra-regular r-AG**-groupoid S and let a,b £ S, then there exist x,y £ S and 
a, ft, 8 e T such that a = (xa(a(3a))5y. Now let (eT, then by using (3), (1) and 
(4), we have 

fi A (a£b) = n A (((xa(af3a))5y)£b) = fi A (((aa(x(3a))Sy)^b) = fi A ((b5y)£(aa(x(3a))) 

= HA((( x P a ) Sa K(y ab )) > ma(o)< 

Similarly we can prove that 7^4(0^) < 7a ( a )- Thus A is an intuitionistic fuzzy 
L- right ideal of S 1 and by using Lemma ® A is an intuitionistic fuzzy L-two-sided 
ideal of S. □ 

Theorem 7. Lei A = (maj7a) be an IFS of an intra-regular T-AG** -groupoid S, 
then the following statements are equivalent. 

(i) A is an intuitionistic fuzzy L-left ideal of S. 

(ii) A is an intuitionistic fuzzy L-right ideal of S. 
(Hi) A is an intuitionistic fuzzy L-two-sided ideal of S. 

(iv) A is an intuitionistic fuzzy L-bi-idcal of S. 

(v) A is an intuitionistic fuzzy L-generalized bi-ideal of S. 

(vi) A is an intuitionistic fuzzy L-interior ideal of S. 

(vii) A is an intuitionistic fuzzy L-quasi ideal of S. 

(viii) A o r 6 — A and 5 o r A = A. 

Proof, (i) => (viii) can be followed from Corollary [2] and (ix) =>■ (viii) is obvious. 

(vii) => (vi) : Let A = (^,7^4) be an intuitionistic fuzzy L-quasi ideal of an 
intra-regular L-AG**-groupoid S. Now for a £ S there exist x,y G S and a, (3,5 e L 
such that a = (ba(afia))5c. Now let £,-0 S L, then by using (3), (4) and (1), we 
have 

(x£,a)ipy = (x£((6a(a/3a))<5c))V>J/ = ((ba(a/3a))t;(x6c))ipy 
= ((cax)^((a/3a)Sb))ipy = ((a/3a)£((cax)6b))ipy 
= (y^((cax)5b))ip(aj3a) — aip((y£((cax)8b))j3a) 

and 

(x^a)ipy — (x^((ba(a/3a))Sc))tpy = ((ba(a/3a))^(xSc))ipy 
= ((cax)^((a(3a)Sb))t(jy — ((a(3a)^((cax)Sb))ipy 
= (y^((cax)8b))ip(a(3a) = (a£,a)ip(((cax)8b) (3y) 
= ((((cax)Sb)/3y)£,a)ipa. 
Now by using Theorem 21 we have 

fi A ((x£a)i()y) = ((^ A o r Ss)n(SsorH A ))((x£_a)ipy) = (n A o r Ss)((x^a)^y)A(Sso r n A )((x£_a)tpy). 
Now 

(H A °r Ss)((x$a)il;y) = \f {n A (a) A S s ((y^((cax)5b))(3a)} > fi A (a) 

and 

(S s o r fj, A ) ((x£_a)i(jy) = \f {S s ((((cax)5b)Py)£,a) A n A (a)} > fi A (a). 

(xa)y=((((cax)&b)Py)(,a)i>a 
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This implies that /i A ((x^a)ipy) > Ma(°) an d similarly we can show that 7 A ({x^a)ipy) < 
7^4(0). Thus A is an intuitionistic fuzzy L-interior ideal of S. 

(vi) => (v) : Let A be an intuitionistic fuzzy L-interior ideal of S, then by 
Theorem [6l A is an intuitionistic fuzzy L-two-sided ideal of S and it is easy to 
observe that A is an intuitionistic fuzzy L-generalized bi-ideal of S. 

(v) =>• (iv): Let A — (f^ A ,j A ) be an intuitionistic fuzzy L-generalized bi-ideal 
of an intra-regular L-AG**-groupoid S Let heS, then there exists x,y £ S and 
a, j3,8 € r such that a — (xa(a/3a))8y. Now let £,ij),r) £ L, then by using (3), (5), 
(4) and (1), we have 

H A (a£b) = /j, A (((xa(a/3a))8y)£b) = /j, A (((aa(x/3a))8y)£b) 

= fi A ((((sipt)a(xl3a))5y)&) = fi A ((((aijx)a(tj3 S ))8y)tib) = n A ({(ta{{ai>x)ps))8y)tb) 
= » A (((ta((ai>x)j3s))6(ur)v))Zb) = fi A (((vau)S(((a^x)ps)r,t))^b) 
= ii A (((vau)8({t0a)ri{ail>x)))Zb) = fi A (((vau)8(ar)((tp S )i)x)))Zb) 
= VA(( aS (( vau )v((tl3s)ipx)))tb) > n A (a) A (x A (b), 

Similarly we can show that j^aS.b) < 7^4(0) V7 A (b) and therefore A — (p A ,j A ) 
is an intuitionistic fuzzy L-bi-ideal of S. 

(iv) =>• (Hi) : Let A = (fi A , j A ) be an intuitionistic fuzzy L-bi-ideal of an intra- 
regular L-AG**-groupoid S. Let a,t G S, then there exists x,y,x ,y G S and 
a,/3,5 € r such that a — (xa(af3a))Sy and t — (x a(a/3a))8y . Now let £,7 6 L, 
then by using (3), (1), (5) and (4), we have 

H A (a^b) = /j, A (((xa(a/3a))8y)£b) = /j, A (((aa(x/3a))8y)£b) = n A ((b8y)£(aa(x/3a))) 
= ii A ((b8yMiryt)a(xpa))) = n A ((b6y)Z((<vyx)a(tpa))) 
= ^ A {{{tps)8{ ai x))^yab)) = n A ((a6((tp a )7x))t(yab)) 
= ^A{{{y ab )S((tf3shx))S,a) = [j, A (((yab)S((((xaa 2 )Sy)f3s)jx))£,a) 
= V-A{{{y ab ) 5 {{ x P s )l{{ xaa2 ) 5 y)))Za) = ^A{{{y al:i )S{{yl3{xaLa 2 ))"i(s8x)))£,a) 
= VA{[{y a b)8{{xPs)7[{xaa 2 )8y)))£a) = fi A (((yb)((xs)((xaa 2 )8(uv))))£,a) 
= » A (((yb)((xs)((vu)(a 2 x))))t;a) = ^ A (((yb)((xs)(a 2 ((vu)x)ma) 
= n A (((yb) (a 2 ((xs)((vu)x))))£a) = fi A ((a 2 ((yb)((xs)((vu)x))))^a) 
> n A (a 2 ) A n A (a) > fi A (a) A n A (a) A fj, A (a) = H A (a). 

Similarly we can prove that 7^4 (a£&) < 7^4(0) and therefore A = (p A ,^ A ) is an 
intuitionistic fuzzy L-right ideal of S. Now by using Lemma[2j A — (p-atJa) i s arL 
intuitionistic fuzzy L-two-sided ideal of S. 

(Hi) => (ii) and (ii) ==>■ (i) are an easy consequences of Lemma [2] □ 

Let A = (^ A , 7^4) and B = (/i B , 7 B ) are IFSs of an AG-groupoid S. The symbols 
Ad B will means the following IFS of S 

([i A n fi B )(x) = xmn{fjL A (x), /j, b (x)} = n A (x) A [i B (x), for all x in S. 
(lA U 1b) 0) = max{7 j4 (x),7 B (a;)} = 1 A (x) V i B (x), for all x in 5. 

The symbols A U B will means the following IFS of S 1 

([i A U n B )(x) — max{/i 7 4(x), = /^(x) V /i B (x), for all a; in S*. 
(7a n7 B )(ai) = mm{7 A (x),7 B (x)} = j A (x) A j B (x), for all a; in 5. 
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Lemma 5. Let S be an intra-regular T-AG** -groupoid and let A = {^a^Ia) an d 
B = (/U B ,7 B ) are an V intuitionistic fuzzy T-two-sided ideals of S, then A or B = 

AnB. 

Proof. Assume that A = ((J-atIa) an d B — (ubiIb) are an y intuitionistic fuzzy 
r-two-sided ideals of an intra-regular AG**-groupoid S, then by using Lemma[TJ we 
have fi A o T [i B C jJ, A n[i B an d Ja°tJb =2 7a ^7 B , which shows that Ao^B C AnB. 
Let a £ S, then there exists x,y £ S and a, /3, 6 £ T such that a — (xa{af3a))8y. 
Now let £ G T, then by using (3), (5) and (2), we have 

a = (xa(a/3a))Sy — (aa(x/3a))6(u£v) = (aau)S((xf3a)^v). 

Therefore, we have 

{^A°r^ B )(a) = V {fj, A (aau) A fi B ((xPa)^v)} > fj, A (aau) A fi B ((xaa) 

a=(aa.u)8((x{3a)£v) 

> n A (a) A n B (a) = (fj. A H/i B )(a) 

and 

(7A°r7yi)( a ) = A {7A( a « w ) V 7 A ((a;^a)C«)} < l A ( aau ) V lA(( xaa )< 

a—(aau)8((xpa)^v) 

< ~f A (a) V 7 A (a) = (j A U 7a ) (a) . 

Thus we get that \i A o r ji B ^ /i A H /i B and 7a °r 1b ^7aU7b, which give us 
Ao r B Z) An B and therefore Ao r B = AnB. □ 

The converse of Lemma[5]is not true in general which is discussed in the following. 
Let us consider an AG-groupoid S = {1, 2, 3, 4, 5} in the following Cayley's table. 





1 


2 


CO 


4 


5 


1 


1 


1 


1 


1 


1 


2 


1 


5 


•5 


3 


5 


3 


1 


5 


■5 


2 


5 


4 


1 


2 


3 


4 


5 


5 


1 


5 


5 


5 


5 



Let r = {1} and define S x T x S — > S by xly = xy for all x,y € S, then S 1 is a 
r-AG-groupoid. 

Define an IFS A — (/x A ,7 A ) °f an AG-groupoid S as follows: /^ A (l) = jtt A (2) = 
/i A (3) = 0.3, Ma (4) = 0.1, Ma(5) = 0.4, 7a (1) = 0.2, 7a (2) = 0.3, 7a (3) = 0.4, 
7a (4) = 0.5, 7a (5) = 0.2. Now again define an IFS B = (^ b , 7b ) of an AG- 
groupoid S 1 as follows: /i B (l) = A* B (2) = M B (3) = 0.5, /U B (4) = 0.4, /x B (5) = 0.6, 
7 B (1) = 0.3, 7 B (2) = 0.4, 7 B (3) = 0.5, 7b (4) = 0.6, 7b (5) = 0.3. Then it is easy to 
observe that A = (/i A , 7a ) and B = (p B , 7b ) are an intuitionistic fuzzy T-two-sided 
ideals of S such that (/i A o r ^ B )(a) = {0.1, 0.3, 0.4} = (p A n ^ B )( a ) f° r all a G 5 
and similarly ( 7a o r 7B )(a) = ( 7a Pi 7b ) for all a £ S, that is, Ao r B = inB but 
5 is not an intra-regular because 3 G S is not an intra-regular. 

An IFS A = (/i A , 7a ) °f an AG-groupoid is said to be idempotent if fj, A o r /x A = 
/j, A and 7 A o r 7a = 7a , that is, A o r A = A or A 2 = A. 

Lemma 6. Every intuitionistic fuzzy T-two-sided ideal A = 0u Ai7a ) of an intra- 
regular T- AG-groupoid S is T -idempotent. 
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Proof. Let S be an intra-regular L-AG-groupoid and let A = (maj7a) be an in- 
tuitionistic fuzzy T-two-sided ideal of S. Now for a € S there exists x,y € 5 and 
a, (3,5 g T such that a = (xa{af3a))8y. Now let £ s r, then by using (3), (5) and 
(2), we have 

a = (xa(a/3a))6y = (aa(x/3a))5(u£v) = (aau)6((x/3a)£v). 
(fi A o r fi A )(a) = \f {[i A (aau) A n A ((xf3a)£v)} > [i A (aau) A fi A ((x/3a 

a=(aau)5((x{3a)(;v) 

> fi A (a) A[i A (a) = n A (a). 

This shows that [i A °r ^ A 2 Ma an( i by using Lemma[TJ MA°rMA £ Maj therefore 
Ma °r Ma = Ma- Similarly we can prove that ^ A o r 7^ = j A , which implies that 
A = (mai7a) * s T-idempotent. □ 

Theorem 8. The set of intuitionistic fuzzy T -two-sided ideals of an intra-regular T- 
AG** -groupoid S forms a semilattice structure with identity S, where S — (Ss,Qs). 

Proof. Let 1 M7 be the set of intuitionistic fuzzy L- two-sided ideals of an intra-regular 
L-AG**-groupoid S and let A — (mai7a)> B = (Mbi7s) an d C = (mci7c) are an y 
intuitionistic fuzzy T-two-sided ideals of I„ 7 . Clearly I p7 is closed and by Lemma |51 
we have ATA = A. Now by using Lemma [SJ we get A o r B — B o r A and therefore, 
we have 

(Ao r B)o r C = (Bo r A)o r C = (Co r A)o r B = {Ao r C)o r B = {Bo r C)o r A = Ao r (Bo r C 
It is easy to see from Corollary [2] that 6 is an identity in 1^ . □ 
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